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Overview

Polynomials are incredibly useful mathematical tools as they are simply defined, can be calculated
quickly on computer systems and represent a tremendous variety of functions. They can be differentiated
and integrated easily, and can be pieced together to form spline curves that can approximate any function to
any accuracy desired. Most students are introducted to polynomials at a very early stage in their studies of
mathematics, and would probably recall them in the form below:

p(t) = apt" + an—ltn_l + - Fait+ag

which represents a polynomial as a linear combination of certain elementary polyneﬁmial,sﬂ, oy t"}.
In general, any polynomial function that has degree less than or equattm be written in this way,
and the reasons are simply

e The set of polynomials of degree less than or equal forms a vector space: polynomials can be
added together, can be multiplied by a scalar, and all the vector space properties hold.

e The set of functiong1,¢,¢%,...,¢"} form a basis for this vector space — that is, any polynomial of
degree less than or equaliticcan be uniquely written as a linear combinations of these functions.

This basis, commonly called tipower basisis only one of an infinite number of bases for the space of
polynomials.

In these notes we discuss another of the commonly used bases for the space of polynorBiatastie
basis and discuss its many useful properties.



Bernstein Polynomials
The Bernstein polynomials of degraeare defined by

n

Bin(t) = ( )ti(l—t)n—i

7

(1) = s

There aren + 1 nth-degree Bernstein polynomials. For mathematical convenience, we usuahy,set 0,

fori =0,1,...,n, where

ifi<0ori>n.

These polynomials are quite easy to write down: the coeffici€ftscan be obtained from Pascal’s
triangle; the exponents on thiéerm increase by one asncreases; and the exponents on the- ¢) term
decrease by one asncreases. In the simple cases, we obtain

e The Bernstein polynomials of degree 1 are

Boa(t)=1—1
Bia(t) =t

)

and can be plotted far < ¢ < 1 as

Bo(t) +—" NG




e The Bernstein polynomials of degree 2 are

and can be plotted far < t¢ < 1 as

| Bs (1)

BO’Q(t) -1
Buia(t) ——
0

e The Bernstein polynomials of degree 3 are

By s(t) = (1
Bys(t) =3t
By 3(t) =3t
Bss(t) =13

and can be plotted far < t¢ < 1 as



Bos(t) — w— Bs3(t)

— By 3(t)

B 3(t) ™ o



A Recursive Definition of the Bernstein Polynomials
The Bernstein polynomials of degreecan be defined by blending together two Bernstein polynomials
of degreen — 1. That is, thekth nth-degree Bernstein polynomial can be written as

Bk,n(t) = (1 — t)Bkm,l(t) + tkal,nfl(t)

To show this, we need only use the definition of the Bernstein polynomials and some simple algebra:

(1 = t)Bpp_1(t) + tBr_1n1(t) = (1 1) (n ; 1>tk(1 — )itk g t<Z: 1)1&’“—1(1 — )ik

- (n ; 1>tk(1 gk (Z : Dtk(l _ gyt
() ()] o
= (Z) *(1 -t

= By n(t)

The Bernstein Polynomials are All Non-Negative

A function f(t) is non-negative over an interval, b] if f(t) > 0 for t € [a,b]. In the case of the
Bernstein polynomials of degreg each is non-negative over the intery@l1]. To show this we use the
recursive definition property above and mathematical induction.

It is easily seen that the functiodi% ; (t) = 1—¢ andB ;(t) = t are both non-negative for< ¢ < 1. If
we assume that all Bernstein polynomials of degree lessitla@e non-negative, then by using the recursive
definition of the Bernstein polynomial, we can write

Big(t) = (1 =t)Bj-1(t) +tBi—1,-1(t)

and argue thaB; ;(t) is also non-negative fad < ¢t < 1, since all components on the right-hand side
of the equation are non-negative components)fef ¢ < 1. By induction, all Bernstein polynomials are
non-negative fof <t < 1.

In this process, we have also shown that each of the Bernstein polynonpalsiisewhen0 < ¢ < 1.



The Bernstein Polynomials form a Partition of Unity

A set of functionsf;(t) is said to partition unity if they sum to one for all valuesoThek + 1 Bernstein
polynomials of degreé form a partition of unity in that they all sum to one.

To show that this is true, it is easiest to first show a slightly different fact. for éatihe sum of the
k + 1 Bernstein polynomials of degrées equal to the sum of the Bernstein polynomials of degrée- 1.
That is,

K k-1
Y Bik(t) = > Bix-a(t)
i=0 i=0

This calculation is straightforward, using the recursive definition and cleverly rearranging the sums:
k k
D Bik(t) = (1= t)Bij1(t) + tBi14-1(t)]
=0 1=0
(1-1) Zsz 1(t) + B -1 (
k
(1—-1) ZBz k—1(t) + tZBifl,kfl(t)
=0 =1
k—1 k—1
(1-1) Zsz 1(t) +tZB¢,k71(t)
i=0

+1 ZBz 1k-1(t) + B-1k-1(t)

(where we have utilize®y, . 1(t) = B_1x—1(t) = 0).
Once we have established this equality, it is simple to write

n n—1 n—2
Z Bin(t) = Z Bin-1(t) = Z Bin-a(t) = Z (1—t)+t =1
i=0 i=0 i=0

The partition of unity is a very important property when utilizing Bernstein polynomials in geometric
modeling and computer graphics. In particular, for any set of pdhtsP, ..., P, in three-dimensional
space, and for ang the expression

P(t) = POBO,n(t) + PlBl,n(t) +---+ Pan,n(t)



is an affine combination of the set of poifeg, Py, ..., P, and if0 < ¢ < 1, it is a convex combination of
the points.

Degree Raising

Any of the lower-degree Bernstein polynomials (degree) can be expressed as a linear combination
of Bernstein polynomials of degree In particular, any Bernstein polynomial of degree 1 can be written
as a linear combination of Bernstein polynomials of degre@/e first note that

]

— (n) FHL(1 — ) D=(+D)

tBin(t) = <"> (1 — )

7

= (53_)1)Bi+1,n+1 (t)
iti

= ;4__’_11 i+ 1nt1(t)
and
(1= 1)Bin(t) = (j) (1 = gy
= (n(?l)Bi,nH(t)
- mBi,nH(t)
and finally

1

Bz‘m,(t) + BH—Ln(t) = tl(l — t)”*i 4 tiJrl(l _ t)nf(z#l)

1
(i41)
= ti(l _ t)nfifl«l . t) + t)
=t'(1—¢)" !
= %Bz‘,n—l(t)

(")

Using this final equation, we can write an arbitrary Bernstein polynomial in terms of Bernstein polynomials



of higher degree. That s,
1 1
TBi,n(t) + nBi-i-l,n(t)]
(7) (i1)

n—1
Bin-1(t) = ( ; >
i+l

. <” - Z> Bin(t) + <Z Z 1) Bit1,n(t)

n

which expresses a Bernstein polynomial of degtee 1 in terms of a linear combination of Bernstein
polynomials of degree. We can easily extend this to show that any Bernstein polynomial of dégree
(less tham) can be written as a linear combination of Bernstein polynomials of degree.g., a Bernstein
polynomial of degree — 2 can be expressed as a linear combination of two Bernstein polynomials of degree
n — 1, each of which can be expressed as a linear combination of two Bernstein polynomials ofidegree
etc.

Converting from the Bernstein Basis to the Power Basis

Since the power basidl, ¢, 2, ..., t"} forms a basis for the space of polynomials of degree less than or
equal ton, any Bernstein polynomial of degreecan be written in terms of the power basis. This can be
directly calculated using the definition of the Bernstein polynomials and the binomial theorem, as follows:

Bin(t) = <Z> A il

where we have used the binomial theorem to exdadnd t)"*.

To show that each power basis element can be written as a linear combination of Bernstein Polynomials,



we use the degree elevation formulas and induction to calculate:

tk t(tkfl)

— ¢ zn: (k%l) Bi,nfl(t)
i=k—1 (k—l)
n i—l)

:Z Inc:i thfl,nfl(t)
= (50
—1 7

_ S (k:—l) lB ¢
i=k—1 (kﬁl) n Z7n( )

E @,
S

where the induction hypothesis was used in the second step.

Derivatives

Derivatives of theith degree Bernstein polynomials are polynomials of degreel. Using the defini-
tion of the Bernstein polynomial we can show that this derivative can be written as a linear combination of
Bernstein polynomials. In particular

d

%Bk,n(t) = n(Bg-1,n-1(t) — Brn—1(t))

for 0 < k < n. This can be shown by direct differentiation

d d (n\ —k
= — 1 — n

- /d(:i!k)!tk_l(l gk Mtk(l e
n(n —1)! B o il — 1)] o
G _(1)!(” - k)!tk i k!(n(—k—>1)!tk(1 — )it
(n—1)! _ e (n —1)! .
= (Gt S -0

=n (kalynfl(t) - Bk,nfl(t))



That is, the derivative of a Bernstein polynomial can be expressed as the degree of the polynomial, multiplied
by the difference of two Bernstein polynomials of degree 1.
The Bernstein Polynomials as a Basis

Why do the Bernstein polynomials of orderform a basis for the space of polynomials of degree less
than or equal t®?

1. They span the space of polynomials — any polynomial of degree less than or equalide written
as a linear combination of the Bernstein polynomials.

This is easily seen if one realizes that The power basis spans the space of polynomials and any member
of the power basis can be written as a linear combination of Bernstein polynomials.

2. They are linearly independent — that is, if there exist constgnts, ..., ¢, so that the identity
0 = C()Boyn(t) + ClBl,n(t) + -+ Can7n<t)

holds for all¢, then all thec;'s must be zero.

If this were true, then we could write

0= CoB(),n(t) + ClBl,n(t) —+ -+ Canyn(t)

- coﬁ;(—l)i C) (é) tt e Zzn;(—l)il (?) <i>t ot cnzn:(—w*" <’;> <;> fi

S @O EOO

7
Since the power basis is a linearly independent set, we must have that

tht o+ tn

C():O

;) (}) o

2

4 (0) () =

7

which implies thatyg = ¢; = --- = ¢, = 0 (¢ is clearly zero, substituting this in the second equation

10



givesc; = 0, substituting these two into the third equation gives ...)

11



A Matrix Representation for Bernstein Polynomials

In many applications, a matrix formulation for the Bernstein polynomials is useful. These are straight-
forward to develop if one only looks at a linear combination in terms of dot products.
Given a polynomial written as a linear combination of the Bernstein basis functions

B(t) = C()Bom(t) + ClBLn(t) + -+ Canm(t)

It is easy to write this as a dot product of two vectors

_ . .
cy
B(t) - BO,n(t) Bl,n(t> Bn,n(t)
- Cn -
We can convert this to

_b070 0 0 0 | _C()_

bl,O b171 0 0 C1

B(t) = [ 1 ¢ 82 o 7 || bao boy bao -+ O ¢
L bn,O bn,l bn,2 bn,n 1 LS|

where theb; ; are the coefficients of the power basis that are used to determine the respective Bernstein
polynomials. We note that the matrix in this case is lower triangular.

In the quadratic casew(= 2), the matrix representation is

1 0 0 Co
B(t):[1tt2} 2 2 0| a
1 21| e

12



and in the cubic casei(= 3), the matrix representation is

= o O O

€0
&1
C2

C3
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A DIVIDE AND CONQUER METHOD FOR CURVE DRAWING

Kenneth I. Joy
Visualization and Graphics Research Group
Department of Computer Science
University of California, Davis

Overview

In the late 1960s, two European engineers independently developed a mathematical curve formulation
which was extremely useful for modeling and design and also easily adaptable to use on a computer system.
The primary feature of this method was that the controlling parameters of the curve were simply points
in three-dimensional space, and each of these points had an influence on the curve. This curve, commonly
called the Bzier curve, is the representation that is most frequently used in computer graphics and geometric
modeling.

We present in these notes a form of thezier curve which can be developed through a simple divide-
and-conquer, or subdivision method. This will not give us a rigorous definition of ézeeBcurve, but will
serve as motivation as it follows the general construction procedure for the curve.

The Subdivision Procedure
This curve is defined by using three control poiits, P;, andP,. Whereas these points can be
arbitrarily placed in three-dimensional space, we will illustrate the algorithm with the points below:

P,

Py

P,



We will develop a method that uses these points to construct a curve. The curve will pass through the
pointsPy andP» and will lie within the triangleAP P P5. P will be a control point that serves as a
“handle” or a “influence” on the curve. Our general procedure will split the curve into two segments, each
of which is again specified by three control points. With this procedure, we can recursively generate many
small segments of the curve, which can be eventually approximated by straight lines when the curve is to be
drawn. The procedure is quite simple, the most complicated mathematics being the calculation of midpoints
of the lines connecting control points.

The Basic Subdivision Procedure

The procedure to subdivide the curve into two segments can be described as follows:

e First, IetPgl) be the midpoint of the segmeRy P,

P,

Py

P,
e then, IetPgl) be the midpoint of segmeiit; P-,
P,
p{Y
P

Pq

P,



e and finally IetP§2) be the midpoint of the segmeﬁtgl)Pél).

P,

Point
on thecurve

P

New N(ZW\

control control
points points

Po

P,

We definesz) to be a point on the curve. Note that we have created two new sets control points
({PO, pV P(2)} and {Pg), Pgl), Pg}) which can be use to define the first and second portions of the

1 +2

subdivided curve, respectively. We now have define an additional point on the curve and two new sets of

three control points that can be used to continue subdividing the curve.

Continuing the Subdivision

Performing the procedure again, we use the control pe[iﬁ’tg, Pgl), P§2)}, relabeling them for con-

venience a®, P, andP, respectively, and apply our procedure

Py S

e First IetPgl) be the midpoint of the segmeR{ P .



We now definePg) to be a point on the curve. This process produces another point on the curve, and
creates two new sets of control points as was the case before.

If we consider the control poimBgQ), Pgl), andPs, generated in the first subdivision, and relabel them
asPy, Py, andP, respectively, we can again apply the subdivision procedure



1)

° Pg as the midpoint of segmeit; P-.

. P§2) as the midpoint of the segmeﬁlgl)Pg).



We now hav@éz) on the curve.

The Subdivision Algorithm

Three points have now been generated on the curve and four subcurves have been generated. The final
curve, together with the points generated, is shown as follows:

P

P,

You should now see how to proceed. At each step the process creates both a point on the curve and two new
sets of control points. This effectively subdivides the curve into two new curve segments, each of which can
be handled separately.

Summary

This is a somewhat unique method to define a curve, and probably not previously seen by many students.
It is a geometricmethod, as it uses only the midpoint formula as it's fundamental tool. It uses the basic
computer science paradigm of (sub)divide and conquer to calculate points on the curve. The curve can be



“drawn” using computer graphics by calculating a somewhat-dense set of points, and connecting them with
straight lines.
The curve drawn by this method is a quadratézir curve.

All contents copyright (¢) 1996, 1997, 1998, 1999, 2000
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QUADRATIC B EZIER CURVES

Kenneth I. Joy
Visualization and Graphics Research Group
Department of Computer Science
University of California, Davis

Overview

The Bézier curve representation is one that is utilized most frequently in computer graphics and geomet-
ric modeling. The curve is defined geometrically, which means that the parameters have geometric meaning
— they are just points in three-dimensional space. It was developed by two competing European engineers
in the late 1960s to attempt to draw automotive components.

In these notes, we develop the quadratézigr curve. This curve can be developed through a divide-
and-conquer approach whose basic operation is the generation of midpoints on the curve. However, this time
we develop the curve by calculating points other than midpoints — resulting in a useful parameterization for
the curve.

Development of the Quadratic Bezier Curve
Given three control pointR,, P; andP, we develop a divide procedure that is based upon a parameter
t, which is a number betwednand1 (the illustrations utilize the value= .75). This proceeds as follows:

e First IetPgl) be the point on the segmeRy P, defined by

P = (1-)Py+ Py (= Py +t(P; — Py))



P,

Py
P,
e then IetPgl) be the point on the segmeRt P- defined by
P = (1-t)P, +tP
2 1 2
P,
p{
P, P
P,

e and finally IetPf) be the point on the segmeﬁﬁl)Pél) defined by

PP = (1- )P + PV

Point
on thecurve



e DefineP(t) = Pf).

This is a similar procedure to the divide-and-conquer method in that geometric means are used to define
points on the curve. Each time a new point is calculated, the control points are subdivided into two sets,
each of which may be use to generate new subcurves. The method is identical to the divide-and-conquer
method in the case= 1.

Developing the Equation of the Curve

There is a different way of looking at this procedure — because there is a parameter involved. Each one
of the pointngl), Pgl), andPéQ) is really a function of the parameter- andPg) can be equated with
P(¢) since it is a point on the curve that corresponds to the parametervdluénis way,P(t) becomes a
functional representation of theeBier curve.

Writing down the algebra, we see that

where
P (t) = (1 — t)Pg + tP1, and

P (t) = (1 — )Py + Py

(Note that we have now denot U andP{! as functions of.) Substituting these two equations back into
2
the original, we have

P(t) = (1 - )P (1) + P (1)
=(1—1t)[(1—-t)Po+tP1] +t[(1—t)Py + tPg]
= (1—1)’Po + (1 — t)tPy + t(1 — )Py + £°P;
= (1 —1t)°Po +2t(1 — )Py + t°Py

This is quadratic polynomial (as it is a linear combination of quadratic polynomials), and therefore it is a
parabolic segment. Thus, the quadraté&zir curve is simply a parabolic curve.




Properties of the Quadratic Curve

The quadratic Bzier curve has the following properties, which can be easily verified.

1.

2.

P(0) = Py andP(1) = Py, so the curve passes through the control pdihitandPs.

The curveP(t) is continuous and has continuous derivatives of all orders. (This is automatic for a
polynomial.)

. We can differentiat® (¢) with respect ta and obtain

d
%Pu) = —2(1 — t)Pg + [—Qt + 2(1 — t)] P1 =+ 2tP2

=2[(1—t) (P — Pg) +t(Py — Py)]

Thus £P(0) = 2(P; — Py), is the tangent vector at= 0 and P (1) = 2(P, — Py) is the tangent
vector att = 1. This implies that the slope of the curvetat 0 is the same as that of the vector
2(P; — Py) and the slope of the curve &t= 1 is the same as that of the veciiP, — P, ).

. The functiong1 — ¢)2, 2¢(1 — t), andt? that are used to “blend” the control poir&, P; andP»

together are the degree-2 Bernstein Polynomials They are all non-negative functions and sum to one.
Clearly

(1=t 421 —t)+1> = 1 -2t +t> 42t — 22 + 12 = 1

. The curve is contained within the triangheP P P>.

Since the blending functions are non-negative and add to B(,is an affine combination of the
pointsPy, P, andP,. ThusP(¢) must lie in the convex hull of the control points for alK ¢ < 1.
The convex hull of a triangle is the triangle itself.

. If the pointsPg, P; andP; are colinear, then the curve is a straight line.

If the points are colinear, then the convex hull is a straight line, and the curve must lie within the
convex hull.

(2)

. The process of calculating oRet) subdivides the control points into two ss{tﬁ’o, Pgl) (), P57 (1) }

and{PéQ) (1), Pgl)(t), Pg}, each of which can be used to define another curve, as in our subdivision
process above.



8. All the points, generated from the divide-and-conquer method, lie on this curve.
ClearlyP(3}) is the first point calculated by the divide and conquer method.

Lets show thaP(%) is exactly the point obtained by performing the divide-and-conquer method, on
the control point€)y = Py, Q2 = Pgl)(%) andQ = P?(%) which were generated in the first step
of the divide-and-conquer method. If we call this pdiitthen by the divide-and-conquer method

1 1
Q= §le) + ngl)
1|1 1 11 1
=35 [QQO + 2Q1] + B [2Q1 + QQQ}
1 1 1
= ZQO + in + 1Q2
and by substituting for th@s, and similifying

1 1 1
Q= Po+ ;P () + P ()
1 1 11 1
= Po+ 5Pgl)(t) + [QPgl)(t) + QPél)(t)}

9 3 1
6 0T g it g2

If we calculateP (t) with ¢ = 1, we have

1
P()=(1- t)?Po + 2t(1 — t)Py + t* Py

9 3 1
16 0T g T g2

SoP(% is exactly the point constructed in from the divide-and-conquer algorithm. Similar calcula-
tions exist for all other points generated in the divide and conquer method — each point generated by
the method will correspond to one with a corresponding parametﬁrﬁn‘r somek andn.

Summarizing the Development of the Curve



We now have two methods by which we can generate points on the curve. The first of which is geomet-
rically based — points are found on the curve by selecting successive points on line segments. The other is
an analytic formula, which expresses the curve in functional notation.

e The Geometrical Construction Method— Given pointsPy, P, andP5, we can construct a curve
P(t) by the following construction

where

1-tPY V) +PY V) if j >0
P; if =0

fort € [0,1].

e The Analytical Formula — Given pointsP,, P;, andP3, we can construct a cunB(t) by the

following

P(t) = (1—1t)*Pg+2t(1 — t)Py + 2Py

fort € [0,1].

Summary

The guadratic curve serves as a good example for discussing the development &ZidrecBrve, but
really only generates parabolas. This eliminates the curve for many applications where smooth curves with
inflection points are necessary. The problem can be addressed by performing exactly the same steps as
above, but utilizing the procedure on four control points — resulting in the cudE@Bcurve.

All contents copyright (c) 1996, 1997, 1998, 1999, 2000
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CUBIC BEZIER CURVES

Kenneth I. Joy
Visualization and Graphics Research Group
Department of Computer Science
University of California, Davis

Overview

The Bézier curve representation is one that is utilized most frequently in computer graphics and geomet-
ric modeling. The curve is defined geometrically, which means that the parameters have geometric meaning
— they are just points in three-dimensional space. It was developed by two competing European engineers
in the late 1960s to attempt to draw automotive components.

In these notes, we develop the cubieZir curve. This curve can be developed through a divide-and-
conquer approach similar to the quadratic curve However, in these notes, we will develop a parameterized
version of the curve which proceeds almost identically to the development for the quadrztc 8urve

Defining The Cubic Bézier Curve
Given four control pointsPy, P, P2, P3, one can generate a curl¥t), as we did in the case of the
quadratic Ezier curve, by

o letPM(t) = P, + (1 —1)P
o letPM(t) = Py + (1— )Py

letP{(t) = tP5+ (1— )P,

letPP 1) = P )+ (1 — )PP ()

letPP () = PV () + (1 — )PP (1)

letPP(t) = PP )+ 1 - )PP (1)

o P (1) is defined to b (¢)



This construction is shown in the figure below

P,

notice that we did the same process as in the quadranieB curve, but did one additional level. The
procedure, as in the quadratic case, produces a point on the curve and subdivides the curve by producing 2

new sets of 4 control points.

Simplifying the above construction, we have

P(t) = Py (1)
=P (1) + (1 - )PP (1)
=t [tpg”(t) +(1— t)Pgl)(t)}
+ (1= PP + (1 - )PP ()]
= 2PN (1) +2t(1 — )P (1) + (1 — 2P 1)
=12 [tP3 + (1 — t)Po] + 2t(1 — t) [tPo + (1 — t)P4]
+ (1 =t)2[tPy + (1 — )Py
= t3P3 + 3t2(1 — t)Po + 3t(1 — t)*Py + (1 — t)°Py

which is the analytic form of the curve.

Summarizing the Development of the Curve

As in the quadratic case, we have developed two methods for generating points on the curve.

2



e The Geometric Method— Given the control point®(, P;, Py, P3, and a value < [0, 1], we can
generate the poirf?(¢) on the Bezier curve by

where

(4-1) (—1) .
PP (1) = (I=)P; 2 () + Py (1) ifj >0
P; otherwise

=0
where
Bos(t) = (1—1t)°
By 3(t) = 3t(1 —t)?
Bas(t) = 3t3(1 — t)
Bss(t) =13

the Bernstein polynomials of degree three.

Properties of the Cubic Bezier Curve
The cubic Ezier curve has properties similar to that of the quadratic curve. These can be verified
directly from the equations above.

e Py andP; are on the curve.



e The curve is continuous, infinitely differentiable, and the second derivatives are continuous (automatic
for a polynomial curve).

e The tangent line to the curve at the polPy is the linePyP;. The tangent to the curve at the point
P3 is the linePyPs.

e The curve lies within the convex hull of its control points. This is because each succBéQi\'rea
convex combination of the poinBEj_l) andPEZ‘ll).

e BothP; andP5 are on the curve only if the curve is linear.

Summary
The procedure for developing the cubié®er curve is nearly identical to that for the quadratic curve
— the primary difference is that we have four control points and must proceed one additional level in the
recursion to get a point on the curve. This procedure is extendable soéhiar Burves can be developed
for any number of control points.

All contents copyright (c) 1996, 1997, 1998, 1999, 2000
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A MATRIX FORMULATION OF THE CUBIC B  EZIER CURVE

Kenneth I. Joy
Visualization and Graphics Research Group
Department of Computer Science
University of California, Davis

Overview

A cubic Bézier curve has a useful representation in a matrix form. This is a non-standard representation
but extremely valuable if we can multiply matrices quickly. The matrix which we develop, when examined
closely, is uniquely defined by the cubic Bernstein polynomials. We can use this form to develop “subdivi-
sion matrices” that allow us to use matrix multiplication to generate differegtie® control polygons for
the cubic curve.

Developing the Matrix Equation
A cubic Bézier Curve can be written in a matrix form by expanding the analytic definition of the curve
into its Bernstein polynomial coefficients, and then writing these coefficients in a matrix form using the



polynomial power basis. That is,

(2
= (1—1)3Pg + 3t(1 — t)*Py + 3t3(1 —t)Py + t°P3

-Po-
P

z[(l—t)?’ 3t(1—t)2 3t2(1—1t) t3] '
Py

P

1 0 o0 o][P]

-3 3 0 0 P

z[l t 2 !
3 -6 3 0 P,

-1 3 =31 Ps

and so a cubic Bzier curve is can be written in a matrix form of

-Po-
P
[1tt2 B3| M !
Py
P3
where

1 0 0 o]
-3 0 0

M:
3 -6 3 0
-1 3 -3 1

The matrixM defines the blending functions for the cud?ét) — i.e. the cubic Bernstein polynomials. In
reality there are three equations here, one for each of thendz components oP ().

Utilizing equipment that is designed for fast< 4 matrix calculations, this formulation can be used to
quickly calculate points on the curve.




Subdivision Using the Matrix Form

Suppose we wish to generate the control polygon for the portion of the ®ftewheret ranges
betweer) and% — subdivide the curve at the poiht= % This can be done by defining a new cu@ét)
which is equal th(%). Clearly this new curve is a cubic polynomial, and traces out the desired portion of
P ast ranges betweelandl. We can calculate the &ier control polygon fo€ by using the matrix form
of the curveP.

Q) =P(3)
1 0 o0 ol[Py]
OO | IR
1 3 -3 1 P
10001 0o o ol[pPy]
0 2 0 0 -3 3 0 0 P
:[1tt2 t3] 2 X !
00 1o 3 -6 3 0 P,
00 0 % -1 3 =31 Ps
o
P
:[1 t t2 tg]MS[Ol] !
72 P2
P3




where the matri>S[0 1 is defined as

’2

1000
S =M" 05?0 M
2 00 %0
00 0 g |
(1000|100 0]|[1 0o o0 o]
|1t 300|034 00|33 0
|tz lofllooto 3 -6 3 0
(11 1 1][000 || -1 3 =3 1]
(100 0[] 1 0o 0 o]
|1 § 0 0[|-3 3 0 0
Lo 3 -6 3 0
L5 o3 os][ -1 3 =3 1]
(10 0 0]
|z z 00
P31 0
13 3 1
L 8 8 8 8 |
SoQ(t) is a Bézier curve, with a control polygon given by
1000 [P | [ P, ]
300 P, | P+ 1P
1 310 Py | 1Py + 1Py + 1Py
[E 3t L] [primripireg

In the same way, we can obtain theéBer control polygon for the second half of the curve — the portion



wheret ranges betwee and1. If we call this new curveQ(t), then

1t
t)=P(=+ -
Q(t) =P(; + )
1 0 0 0 Py
-3 0 0 P,
— 1 l_|_i l_|_i2 l_{_ig}
TG G G|, s ol e
-1 3 -3 1 Ps
1L L1l 0 0 ol [P
1 1 3
1 3 _
00 7 % 3 6 3 0 P,
00 0 g -1 3 =31 P3
_Po_
P
:[lttQ t3}MSPl] !
27 Py
P3
where
[1 3 3 1]
8 8 8 8
o 1 1 1
511: 4 2 4
9 1 1
[2} 0055
0 0 0 1

obtaining a matrix that can be applied to the origina@zir control points to produceéRier control points

for the second half of the curve.

Generating a Sequence of 8zier Control Polygons.

Using matrix calculations similar to those above, we can generate an iterative scheme to generate a
sequence of points on the curve. To do this, we need one addifomeltrix. If we consider the portion
of the cubic curveP (t) wheret ranges betweehand2, We generate the &ier control points o€ (¢) by



reparameterization of the original curve — namely by replacimgt + 1 — to obtain

Q(t)=P(t+1)

1 0 0 0 P,
=1+ ¢+1)? @+ o R
3 -6 3 0 P,
-1 3 =31 P;
(11111 0o o o]]P]
‘ 01 2 3 -3 3 0 0 P,
:[1 t 2 t3}
00 1 3 3 -6 3 0 P,
0001 -1 3 -3 1 P;
b ]
P
:[1 t 12 tﬂMS[LQ] '
Py
P3
where, after some calculatiof, 5 is given by
000 0 1]
0 0 -1 2
S =
0 1 —4 4
-1 6 —-12 8

Now, using a combination of[o 1] S[l 1] and Sy, o, we can produce &zier control polygons along
79 29
the curve similar to methods developed with divided differences. To see what | mean here, first notice that

S2500,4) = S[4.1]

This states that by applyin@[oé] to obtain a Ezier control polygon for the first half of the curve, we
can then applys|; o to this control polygon to obtain the &ier control polygon for the second half of the
curve.

Extending this, if we apply

i k
51.2%]0.4]



(thatis, appIyS[0 1 k times and theib; 5  times), we obtain the &zier control polygon for the portion of
2
the curve where ranges betweeij; andi;—,}. By repeatedly applying}; ;, we move our control polygons

along the curve.

Summary

We have developed a matrix form for the cubi@ZBer curve. Using reparameterization, we then devel-
oped matrices which enabled us to produceziBr control polygons for sections of the curve, and to move
from one Bezier control polygon to an adjacent for on the curve. These operations are extremely useful
when utilizing hardware with geometry engines that multiply 4 matrices rapidly.
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On-Line Geometric Modeling Notes

REPARAMETERIZING B EZIER CURVES

Kenneth I. Joy
Visualization and Graphics Research Group
Department of Computer Science
University of California, Davis

Overview
The Bézier curve is the representation that is most utilized in computer graphics and geometric modeling.
This curve is usually defined by a set of control poifi®y, Py, ..., P,,} where

P(H) =3 PB,.(0)
1=0

for0 <t <1.

Running the parameterfrom 0 to 1 gives a simple analytic and geometric definition of the curve.
However, when we wish to examine general B-spline curves, which are piece@zser Burves, we will
need to vary this parameter over an arbitrary interval. This is actually quite simple, and is discussed in the
sections below.

Defining the Reparameterized Curve
Given a Bezier curveP (t), we can develop a new parameterization of the curve whemeges between

the values: andb by
t—a

b—a)

P[a,b] (t) = P(

We note thatP|, ;) and P () are exactly the same curve, but traversed through different rangesTbis
change impacts only a few of theeBier curve properties, namely

o Py (t) = P(1).



e Using the chain rule, the derivative of the cui®g, ; (¢) at a valuef is equal to

1 t—a
P/
b—a (b—a)

e Subdividing the curveP|, ;(t) at the pointc € [a, b], is equivalent to subdividing the cunie(t) at

the point;=2.

Summary

The Bézier curve is normally developed by using a parameter that ranges behaedn. By a simple
modification, we can reparameterize the curve so then range between any two valuesndb. The
resulting curve algorithms fdP, 5 (¢) can all be related to the algorithms for the originally defiird).
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CONTROL POLYGONS FOR CUBIC CURVES

Kenneth I. Joy
Visualization and Graphics Research Group
Department of Computer Science
University of California, Davis

Overview

B-Spline curves are piecewis@Ber curves. To develop B-splines, and to do so in a continuous smooth
way, we must discover the conditions on which twezieer curves can be pieced together. To examine this
process, we will first consider a single cubic curve and show how to construct the néaigr Bontrol
polygons that represent the curve. These control polygons, and their geometric constraints, are paramount
in the definition of the B-spline curve.

A Matrix Equation for a Cubic Curve
A cubic polynomial curveP(t) can be written as a&ier curve. If we lePg, Py, P2, P3 be the control
points of the curve, then it can be written as

3
P(t) =Y P;B;3(t)
1=0
where theB; 3(t) are the cubic Bernstein polynomials. In this representaifpn= P(0) andP3; = P(1).
P, P,

P;
Qo

Py



The representation of the curve can be written in a matrix form by

(2
= (1—1)3Pg + 3t(1 — t)*Py + 3t3(1 —t)Py + t°P3

Py
P
z[(l—t)?’ 3t(1—t)2 3t2(1—1t) t3] '
P2
P;
-Po-
P
z[l t 2 3| M !
P2
Ps
where
1 0 o0 0]
-3 3 0 0
M =
3 -6 3 0
-1 3 =31

The matrixM defines the blending functions for the cul®¢t) — i.e. the cubic Bernstein polynomials. (In
reality there are three equations here, one for each of theindz components oP (¢).)

Reparameterization using the Matrix Form

The control polygoq Py, P1, Py, P3} defines the unique cubic cur®y(t), and is most frequently used
to represent the curve between- 0 andt = 1, wherePy, = P(0) andP3; = P(1). However, given an
interval[a, b], there exists a unique control polygdé®o, Q1, Q2, Qs} defining a Bezier curveQ(t), such
thatQ(0) = Qo = P(a) andQ(1) = Q3 = P(b). These control polygons, calleceBier polygons can be
generated by reparameterization and by manipulating the matrix representation above.

Suppose that we wish to find the&Ber polygon for the portion of the curi(t) wheret € [a, b]. If we
define this new curve aQ(t), then we can defin@(t) = P((b — a)t + a). It is straightforward to check

2



that bothQ(¢) andP(¢) are cubic curvesand represent the same curWe can calculate the control points
for Q(t) by using our matrix form, that is

Q(t) =P((b—a)t +a)

1 0 o o]/ Pr
(1 0-aita (b-at+a)? ((b-a)+a)® R I
- —a a —a a —Qa a
I3 -6 3 ol Py
1 3 -3 1|| Py
1 0 0 o][Py]
3 3 0 0|]|P
:[1tt2 t3] C !
3 -6 3 0Py
1 3 -3 1| Py

where the matri¥C] has columns whose entries are the coefficients, of t> andt® respectively in the
polynomialsl, (b — a)t + a, (b — a)t + a)?, and((b — a)t + a)?, respectively. This can be rewritten as
Q(t):[l to2 }CMP
=[1t 2 | M(SuP)
whereS|, ;) is equal to
S[a,b] =MCM

The new control points for the portion of the curve whereanges froma to b can now be written as
(StatrP)-

A Specific Example
An example of this which will be useful to us in learning how to piece together tézdB curves is to



find the control polygon for the cund(¢) when its parameter ranges franto 2. In this case, we have
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So the control polygon for that portion f(¢) curve where ranges froml to 2 is given by

Q| [0 0o o 1][Pp]
Q | 0o 0 -1 2 P,
Q2 0 1 —4 4 P,
Qs -1 6 —12 8 Ps3
- - i
—PQ —+ 2P3
= 1)
Py —4P5 + 4P3
—PO =+ 6P1 — 12P2 + 8P3
Working with some algebra, and defining new temporary pdititsR, andR3, we see that
Qo = P3
Qi =P;+ (P3—Py) (2
R =P+ (P, —Py) (3)
Ry =Py + (P2 — Py) (4)
R; =Ry + (R2 —Ry)
= P2 -+ (PQ — Pl) + (PQ -+ (PQ — Pl) — P1 + (Pl — Po))
=Py — 4P + 4P> (5)
Q2=Qi1+(Q1 —Ry)
=P34+ (P3—P3)+ (P3+ (P3—P3) —Py+ (P, —Py))
=P — 4P, + 4P3 (6)
Q3 =Q2+ (Q2—Rg3)
=Py — 4Py + 4P3 + (Pl — 4Py 4+ 4P3 — Py — 4P + 4P2>
=Py + 6Py — 12P, + 8P3 7

Using these equations, these new control points can be analyzed geometrically and as a result each can be
calculated by a simple geometric process using only the initial control poly§enP,, P2, P3}. If we



consider the following figure, where we have displayed the control g&inP,, P>, andPsg, it is easy to
locate the poinQy = Ps.

P, P,
P3
Qo
Py
By equation (2),Q; lies on an extension of the linB,P3 where the distance betwedh, and P3, and
betweenQ, andQ; are equal.
P, Py
P;
Qo

Te

Po Ql

By equation (4)Rs lies on an extension of the lirlé; P,, where the lengths defined B, P> andP>Rs>
are equal — and as a result of this fact and equatiorg)ies on an extension of the lirlR,Q;, where the

lengths defined bR, Q; andQ; Q- are equal. This enables us to consti@Qet

P; P, R:; =Py + (P, —Py)

P3+ (Ps — Py)

Q,*

Similarly, using equations (3), (4), (5), and (7), we can consi@igas in the the following illustration



Ri =P+ (P; — Py)
...

Pl /,'." P2 “\.\“\ R2 = P2 =+ (P2 — Pl)

" Rg=4P, —4P; + P,
v Q .
Po

Q..

V4P — 4Py + P,y
Q;

The result of this exercise is that we can construct the control points of the @{tyalirectly from the
original control points folP(¢). These two functions represent theme curve

An interesting exercise for the reader is to calculate the portion of the &ueast ranges fron to
2. In this case, the new cun®@(t) can be defined aQ(¢) = P(2t), and by substituting this into the matrix
form, the resulting Bzier polygon should béP¢, R, R3, Qs}. Try it out .

A Expanded Example

The example above illustrated the fact that there are mazyeB polygons that can represent a cubic
curve. However the geometric construction process generated by this example did not quite illustrate the
fine details of the algorithm. To see the necessary characteristics of the algorithm, we will use the following
example: Find the control polygon for the portion of the cuRfg¢) whent ranges betweeh andb, for an
arbitrary value ob. In this case, we define the cur@t) = P(at+ 1), wherea = b— 1 and use our matrix



representation to calculate

Q(t) = P(at +1)

where

1 0 o0 o]
[1 (at+1) (at+1)% (at+1)3 3 0
3 -6 3 0
-1 3 -3 1
(111 1 |1 0 o o]]
:[lttz t3} 0 a 2a 3a -3 3 0 O
0 0 a® 3d® 3 -6 3 0
(00 0 o || -1 3 -31]]
=1t £ ] M(SyP)
e o
1 0 0 0 11 1 1 1 0 0
-3 3 0 0 0 a 2a 3a -3 3 0
3 -6 3 0 0 a’? 3a? 3 —6 3
-1 3 =31 [00 0 a3__—13—3
tooo][11 1 1t]]1 o o o
1 3 00|[0 a 2 3a -3 0 0
1 2 20|00 o 3d 3 -6 3 0
11 11 00 0 a -1 3 -3 1
0 0 0 1
0 0 —a (a+1)
0 a? —2a(a+1) (a+1)?
—a® 3a’(a+1) —3a(a+1)? (a+1)3_

P,
Py

Py
Py
Py
P;

- o o O




So the control polygon for that portion ®f(¢) curve where ranges froml to b is given by

0
0
0

0 0 1

0 —a (a+1)

a? —2a(a+1) (a+1)?
—a® 3a*(a+1) —3a(a+1)* (a+1)* |

P3
—aP2+ (a+1)P3
a’Py — 2a(a+ 1)Py + (a + 1)°P3

Py
P,
Py
P3

—a®Pg + 3a?(a + 1)Py — 3a(a + 1)?Py + (a + 1)°P3

These new control points can again be analyzed geometrically and as a result each can be calculated by

a simple geometric process using only the initial control polygBg, P, P2, P3}. To accomplish this, we

first write

Qo =P3

Qi =P3 +a(P3 — Py)

R, =P;+ a(P1 — Po)

Ry =Py +a(P2 — Py)

R3 = R2 + a(Rg — Rl)
= PQ + CL(P2 — Pl) + a(PQ + a(P2 — Pl) — P1 + (I(Pl — Po))

= a’Py — 2a(a + 1)P1 + (a + 1)°P,

Q2=Q1 +a(Q1 —R»)
=P3+ a(Pg — Pg) + CL(P:}, + (L(Pg — PQ) — Py + a(P2 — Pl))
= a’Py — 2a(a + 1)Py + (a + 1)°P3

Qs = Q2 +a(Q2 — R3)

= —a’Po + 3a*(a + 1)Py — 3a(a + 1)?Py + (a + 1)°P3

where the last calculation can be done with some algebra.

The important factor here is theterm. Each of these points is on an extension of a line of the original



control polygon, or the extension of a constructed line. The factetermines how much to extend. The
following illustration shows the construction for our previouszier curve witha = g, giving the portion
of the P(¢) wheret ranges fron to .

R

..

Summary

We have shown here that for a cubic curve, there are many control polygons that can define the curve.
Using our matrix representation, we have shown how to determine the control polygon that covers an arbitary
interval [c, d] of the original curve. Our examples will be very useful when we discuss how to piece two or
more Bezier curves together.

All contents copyright (c) 1996, 1997, 1998, 1999, 2000
Computer Science Department, University of California, Davis
All rights reserved.

10



On-Line Geometric Modeling Notes

BEZIER CURVES

Kenneth I. Joy
Visualization and Graphics Research Group
Department of Computer Science
University of California, Davis

Overview

The Bézier curve representation is one that is utilized most frequently in computer graphics and geomet-
ric modeling. The curve is defined geometrically, which means that the parameters have geometric meaning
— they are just points in three-dimensional space. It was developed by two competing European engineers
in the late 1960s to attempt to draw automotive components.

In these notes, we develop the mathematical description for &meBcurve of arbitrary degree by
generalizing the development for the quadratic and cubd curves, creating a parameterized version of
the curve.

Specification of the Curve

Given the set of control point§Py, P4, ..., P, }, we can define a &ier curve of degree by either of
the following definitions:
The Analytic Definition

where

Bin(t) = (7)#(1—@"1'

1

are the Bernstein polynomials of degreeandt ranges between zero and oné < ¢ < 1.



Geometric Definition

where

1-tPY V@) + PV V@) >0,

P, otherwise

wheret ranges between zero and one < ¢t < 1.

Properties of the Bezier Curve
The Bezier curve has properties similar to that of the quadratic and cubic curve. These can be verified
directly from the equations above.

e Py andP,, are on the curve.
e The curve is continuous and has continuous derivatives of all orders.

e The tangent line to the curve at the poly is the linePyP;. The tangent to the curve at the point
P,, is the lineP,,_1 P,,.

e The curve lies within the convex hull of its control points. This is because each succBéQi\'rea
convex combination of the poinBZ(Ajfl) andPZ(?:ll).

e P, Py, ..., P, 1 areall onthe curve only if the curve is linear.

Summary

Given a sequence of + 1 control points, one can specify &Bier curve of degree defined by these
points. Two definitions of the curve can be given: an analytic definition specifying the blending of the control
points with Bernstein polynomials, and a geometric definition specifying a recursive generation procedure
that calculates successive points on line segments developed from the control point sequence.
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BEZIER PATCHES

Kenneth I. Joy
Visualization and Graphics Research Group
Department of Computer Science
University of California, Davis

Overview

The representation of a surface that is most frequently used in computer graphics, was independently
discovered by Pierre &ier (pronounced Bez-ye), who was an engineer for Renault and Paul de Castel-
jau, who was an engineer for Citro, both working for automobile companies in France. These engineers
initially developed a curve representation scheme that is geometrical in construction, and based upon poly-
nomial functions. They extended it to a surface patch methodology that has become the defacto standard for
surface generation in computer graphics.

If you are a novice to this field it is suggested that you review the notestaieBCurves first, as the
equations are easier to understand. Also the fundamental mathematical work on Bernstein Polynomials will
be useful.

Definition and properties of the&ier patch

Viewing the Bezier patch as a continuous set @zer curves.

Subdividing the Bzier patch.

A matrix formulation of the cubic Bzier patch , including subdivision methods by matrix multipli-

cation .

All contents copyright (c) 1996, 1997, 1998, 1999
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THE BEZIER PATCH

Kenneth I. Joy
Visualization and Graphics Research Group
Department of Computer Science
University of California, Davis

Overview

The Bezier patch is the surface extension of thezr curve. Whereas a curve is a function of one
variable and takes a sequence of control points, the patch is a function of two variables with an array of
control points. Most of the methods for the patch are direct extensions of those for the curves.

The Bézier patch is the most commonly used surface representation in computer graphics. An under-
standing of the patch is fundamental to an understanding of this field.

If you are a novice to this field it is suggested that you review the notestaieBCurves first, as the
equations are easier to understand. Also the fundamental mathematical work on Bernstein Polynomials will
be useful.

Definition of the Bézier Patch
The extension of Bzier curves to surfaces is called thezBer patch. The patch is constructed from an
n x m array of control point§P; ; : 0 <i <n, 0<j < m}.



P33

and the resulting surface, which is now parameterized by two variables, is given by the equation

P(u,v) = ZZPi,jBi,n(U)Bj,m(U)

§=0 i=0

It is easily seen that this is in the same general form as &zeB Curve — with the summations running
over all the control points, and the-variate Bernstein Polynomials serving as the functions that blend the



control points together. The bi-variate Bernstein polynomials
Bi’n(u)BjJn(U)

are just products of two of the uni-variate Bernstein Polynomials
If we setv equal to zero in the equation above, we obtain

P(u,0) = > > PiiBin(u)Bjm(0)
j=0 i=0

n
= Z PioBin(u)
i=0

since By, (0) = 1 andB;,,(0) = 0 for j = 1,2,...,m. This is just a Bzier curve — and with similar
calculations foP(u, 1), P(0,v) andP(1,v), we can show that all the edge curves of the patch &=
curves.

’ P L.
0,1 Bézier Curve

Bézier Curve

Pspo
Py

\ Bézier Curve

Bézier Curve

P33

This then implies that the corner points are actually on the patch.



On the Patch

Properties of the Bezier Patch
The Bezier patch has properties similar to that of tHezRr curve.. These can be verified directly from
the defining equations.

e The four pointsP o, Po ., P»o andP,, ,, are on the patch. The other control points are all on the
patch only if the patch is planar.

e The patch is continuous and partial derivatives of all orders exist and are continuous.

e The patch lies within the convex hull of its control points.

Summary

The Bézier patch is a direct extension oéBer curves to surfaces. The definition of the patch follows
directly the definition of the curve, with the primary differences being the use of an array of control points
and the bivariate Bernstein Polynomials.

As it turns out, the Bzier patch can be viewed as a continuous seté&xi@® curves. This greatly
simplifies computation on the patch because in many instances that calculations on the patch can be reduced
to calculations on Bzier curves.
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A MATRIX REPRESENTATION OF A CUBIC B EZIER PATCH

Kenneth I. Joy
Visualization and Graphics Research Group
Department of Computer Science
University of California, Davis

Overview

A cubic Bézier patch has a useful representation when written in a matrix form. This form allows us
to specify many operations with&ier patches as matrix operations which can be performed quickly on
computer systems optimized for geometry operations with matrices.

This is an unusual representation for many students as it is not frequently shown in basic courses. If you
have not seen this before it is suggested that you begin with the section on matrix representatién®for B
curves in which the equations are simpler and easier to understand.

Developing the Matrix Formulation
A cubic Bézier curve can be written in a convenient matrix form. A bicubdziBr patch can be written
in a matrix form by using methods similar to that for @aer Curve. Utilizing the representation of aier



patch as a continuous set o&Her curves we have

3
ZPz,]B 3(”)

=0

3
Z P, ;B3

.

||
<.
w || Moo
=}

=0 Li=0
1 0 0 0]][Pyy
3
3 3 0 0| |P
Z{l u u? 3} b Bj3(v)
= 3 -6 3 0| Py
1 3 -3 1| Py,
(1 0 0 0] [Py Pox Poo Pos |[1 -3 3 —1]]
-3 3 0 P17[) P P172 P1,3 0O 3 -6 3
= [ 1 u u? u3}
3 -6 3 0 P27[) Psq P272 P2,3 0 -3
-1 3 -3 1 P370 P371 P372 P373 0 0 0 1

Poo Poi1 Po2 Pogs 1
P P P P
P = [ 1 u w2 b | M Lo Prr Pra Pug o, p v2
Poop P21 Poo Pog v
| Pso P31 P3p Psg | i v3 |
where
1 0 0 0]
-3 0O O
M =
3 -6 3 0
-1 3 -3 1

Patch Subdivision Using the Matrix Form
Suppose we wish to subdivide the patch at the poiat % We reparameterize the matrix equation
above (by substituting for u) to cover only the first half of the patch, and simplify to obtain.

2




o o O =

where the matrixSy, is defined as

1 © O = O

O Rk O O

Poo
Pio
P>y
P30

Poo Po1 Po2 Pogs
Piog P11 Pi1p Pig uT
Pop P21 Pao Pog
P3o P31 P3p Py | i
0 Poo Po1 Po2 Pogs
0 P P P P
M 10 Pip Pig2 Py
0 Poop P21 Pap Pog
: | | Pso P3y P3p Psg
Po1 Po2 Pogs 1
P P P )
1 Pio Pug o p 2
Po1 P22 Pog v
P31 P3s P33 | v3 |

MT




(10 0 0]
L]0 3 00
Sp=M M
00 1o
000 %

(1 000][1too00][1 o 0]
|1 3000 03 00 -3 3 0 0
o 2 1 1

12 Lo0f]00 1 0 3 -6 3 0

1111 000 g% -1 3 =31

(100 0] 1 0 o0 0]
|13 0 0[|-3 3 0 0
o 11

1 450 3 -6 3 0

1 1 1
15 3 8] -1 3 -3 1]
1 000
1 1
|z z 00
1 1 1

i3z 10

13 3 1

L 8 8 8 8 |

and is identical to the left subdivision matrix for the curve case. So in particular, the sulifdi¢is again
a Bézier patch and the quantity

10 0 0 Poo Po1 Poz2 Pogs
1190 Pio P11 P12 Pig
% % % 0 PQ’O P271 P2,2 P2,3
ERE ERIER N N

forms the control points of this patch.

Calculation of the Second Half of the Patch

In the same way, we can obtain the subdivision matrix for the second half of the patch. First we repa-



rameterize the original curve, and then simplify to obtain

Poo Po1 Po2 Pogs 1
1 P P P P v
PiG+50) =1 G+%) (G+%)° Gy a | 000 0 W T
Pyo Po1 Pao Pog3 v
| Pso P31 P3p Psg | _03_
1 5 1 % Poo Poi1 Poo Pogs 1
1 1 3
:[1 . ug} 0 5 5 % M Pio Pii Pip Py T | Y
0 0 i % Poo P21 Pas Pog v?
100 0 §| | Pso Ps1 Pyy Py | K
Poo Poi1 Po2 Pogs 1
P P P P )
:{1 . u3}MSR o Prr Py Pug g 2
Pyo Po1 Pao Pog v
| Pso P31 P3p Psg | U?’_
where
(13 3 1]
8 8 8 8
11 1
e |V 1 21
o011
0 0 0 1

which is identical to the right subdivision matrix in the curve case and we obtain a matrix that can be applied
to a set of control points to produce the control points for the second half of the patch.

General Subdivision with either Parameter
We can develop a procedure to generate the control points for the first and second portions of the patch
when subdivision is done with respectitoThese are

PSp and PSg



where

Poo
Py
Py
P3

Po,1
P
Py
P31

Py
P>
Py
P3»

The development is exactly parallel to that with respeat.to

Po3
Pi3
Pys
P33

Combining these two methods, we can see that the arrays

segment the patch into quarters, the first array being the quarter that corresponrdsita %, 0<v< %
the second to the one that corresponds to u <

SLPSr,
SrPSL,
S PSR
SrPSRr

11 <4<, etc.

272

Summary

We have developed a matrix form for th&@Ber patch which parallels the development for theziBr
curve. This representation allows us to develop matrices that, which multiplied by the control point array,

calculate the control points of a subdivided portion of the patch.

These matrix equations exist for patches of all orders —we have done order 4 (or degree 3) patches here.
However, the matrices arex n for a patch of order, and are not as easily written down.
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On-Line Geometric Modeling Notes

BEZIER CURVES ON BEZIER PATCHES

Kenneth I. Joy
Visualization and Graphics Research Group
Department of Computer Science
University of California, Davis

Overview

The Bézier patch is the surface extension of ttezir curve. The definition of the patch follows directly
the definition of the curve, with the primary differences being the use of an array of control points and the
bivariate Bernstein Polynomials. The edge curves of the patch &ieBcurves and the “corner” control
points are always on the curve.

In these notes we show that a patch can be treated as a continuous éetesfdBirves. That is, for any
fixed parameter or vy we can define a & ier curve that lies directly on the surface of the patch. Thisis a
very valuable tool for calculations on the patch.

Calculating Bézier Curves on Bezier Patches

In the development of the&ier patch, we have shown that the boundary curves of the patcleaier B
curves —that isP (0, v) andP(1, v) are Bezier curves lying on the boundary of the patch.

If we examine the definition of a&ier patch closely, and group factors appropriately,

n

Z P,-7jBi7n(u)

=0

P(u,v) = ) Bjm(v)
j=0

we notice that portion of the equation inside the brackets is the representatioréafea Burve. If we fix
u = uy, the internal sum can be calculated (for= 0, ..., m). This implies thatP (ug, v) is a Bezier curve
on the surface

If we defineQ;(u) to be the value



(i.e. the value inside the brackets above) then we can see that
P(u,v) = > Q;(u)Bjm(v)
=0

That is, the quantitie§ ; (u) form the control points of another&ier curve, and together for allandv,
they form the surface.

Therefore, given, = g, we can calculate the quantiti€ (uo), Q1 (o), ..., Qm(uo), givingm control
points to utilize for the curve

Q) = > Q;(u0)Bjm(v)
=0

This curve lies on the patch — since it is realug, v), and calculatingl(vg) gives us the point on the
patch at(ug, vo). SinceQ(v) is a Bezier curve, this calculating is straightforward. The following illustration
shows the relationship between Qs and théPs in the4 x 4 case.

First the pointQq(up) is calculated as a point on theeBer curve defined by the control poiis o,
Po.1, Po2 andPy 3.

Pos

next the poiniQ; (uop) is calculated as a point on theeBier curve defined by the control poiis o, P11,
PLQ andP173.



then the poinQQ2(uo) is calculated as a point on theeBer curve defined by the control poifs o, P2 1,
P2’2 andP2’3.

and finally, the poinQa(uo) is calculated as a point on theBier curve defined by the control poids (),
P31, P22 andPy 3.



Pio

The pointP (ug, v9), on the patch, is calculated as a point on tt&iBr curve defined by the control points

Qo(uo), Q1(uo), Qa2(uo) andQs(up),

Calculating with the Other Parameter

If we reverse the order of the sums in the defining equation and regroup, we find that
P(u,v) = > > Pi;Bjn(v)| Bim(u)
=0 | j=0

1



which implies, if we do the above construction again, that we can firat fix vy, define control points
Qo(vo), Q1(vo), ..., Qn(vp) and define the equation as

which is again a Bzier curve lying on the surface.
Thus, we can either do this procedure by fixin§rst, or fixing v first, and we obtain the same result.

Summary

The Bezier patch is a direct extension oéBer curves to surfaces. The definition of the patch follows
directly the definition of the curve, with the primary differences being the use of an array of control points
and the bivariate Bernstein Polynomials. However, the patch can be treated as a continuouszitrof B
curves, and the calculations to find a point on the patch can be reduced to finding several points on curves.
The calculations are parameter independent in that it does not matter whether we start witbrthe
parameter.
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On-Line Geometric Modeling Notes

BEZIER PATCH SUBDIVISION

Kenneth I. Joy
Visualization and Graphics Research Group
Department of Computer Science
University of California, Davis

Overview
A general method can be specified to subdivideéiBr patch. This method is specified unlike the
matrix methods, as it is based upon the definition of the patch as a set of curves..

The Method for Subdivision
We recall that, if we take the analytic equation of @zier patch, fix: and group factors appropriately,
we obtain

n

> P ;Bin(u)

=0

Bjm(v)

P(u,v) = Z

j=0

We notice that portion of the equation inside the brackets is the representatioreafea Burve. If we let
Q;(u) be the value inside the brackets, i.e.

1=0
Then
P(u,0) = Y Q;(u)Bjm(v)
=0

That is, the quantitie§ ;(«) form the control points of another&ier curve, and together for allandv,
they form the surface.



If, then, we subdivide each of the rows of theP; ; matrix, itimplies that th& ;s in the above equation
represent only points from the first half of the patch (with respeg) td he following illustration shows the
result of subdividing the rows in thex 4 case.

Grid Obtained by

Subdividing the Rows
of the Original Grid

The second half of the patch can be obtained in a similar fashion. The first and second half of the patch,
with respect ta, can be obtained by subdividing the columns.

Summary
So, using only curve methods, and by subdividing the rows or columns of the control point array, we can
effectively subdivide a Bzier patch. This is the most frequently used algorithm in software implementations

of subdivision and can be utilized foreRier patches of arbitrary degree.
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